Data envelopment analysis (DEA) measures the relative efficiency of decision making units (DMUs) with multiple inputs and multiple outputs. DEA-based Malmquist productivity index measures the productivity change over time. In this paper, unlike the original DEA models,it has been assumed that the levels of inputs and outputs are not known exactly. The true data be only known as in forms of bounded or fuzzy data. Hence, we provide a computational method for extension to the DEA-based Malmquist productivity index for all DMUs with interval and fuzzy data. A numerical examples for illustration purpose are presented.
Introduction
Using linear programming techniques, data envelopment analysis (DEA) (Charnes et al., 1978) provides a suitable way to estimate a multiple inputs / multiple outputs empirical efficient function as described by Farrell (1957) . Fare et al. (1992 Fare et al. ( , 1994a ) developed a DEA-based Malmquist productivity index which measures the productivity change over time. The Malmquist index was first suggested by Malmquist (1953) as a quantity index for use in the analysis of consumption of inputs, Fare et al. combined ideas on the measurement of efficiency from Farrell and the measurement of productivity from Caves et al.(1982) to construct a Malmquist productivity index has proven itself to be a good tool for measuring the productivity change of DMUs. [10] The original DEA-based Malmquist index assumes that inputs and outputs are measured by exact values on a ratio scale. However, this assumption may not be true, in the sense that some inputs and outputs may be only known as in forms of bounded or fuzzy data.
In this paper, we suggest a Malmquist productivity index for DMUs productivity evaluation with interval or fuzzy data.
Background

Data envelopment analysis
Consider n decision making units DMU j ,j=1,...,n, which each DMU consumes inputs levels x ij , i=1,...,m, to produce outputs levels y rj , r=1,...,s. Let is J = {1, ..., n}and suppose that X j = (x 1j , ..., 
It can be proven that 0 < θ * ≤ 1 and DMU o is efficient(technical) in the CCR model if and only if θ * = 1. Otherwise, the DMU o is inefficient.
Interval data in DEA
Unlike the original DEA model, we assume here that the levels of inputs and outputs are not know exactly, the true input and output data know to lie within bounded intervals, i.e. In this case, the efficiency can be an interval. The upper limit of interval efficiency is obtained from the optimistic viewpoint and the lower limit is obtained from the pessimistic viewpoint. The following model provides such an upper bound for DMU o [8, 9] :
We denote by h U o the efficiency score attained by DMU o in (2) and name the best case of efficiency score.
The model below provides a lower bound of the efficiency score for DMU o :
We show that h
are the feasible regions in relation to (2) and (3), respectively. suppose that (λ 1 , ..., λ n , θ) be an optimal solution for (2), since at least a constraint as
The efficiency h On the basis of the above efficiency score intervals, DMUs can be classified in three subsets as follows:
2.3 DEA Malmquist productivity index Fare et al. (1992) 
where x t io is the i − th input and y t ro is the r − th output for DMU o in time t. The efficiency (D t o (t)) determines the amount by which observed inputs can be proportionally reduced, while still producing the given output level. Using t + 1 instead of t for the above method, we get D t+1 o (t + 1), the technical efficiency score for DMU o in time period t + 1.
The first of the mixed period measures, which is defined as D t o (t+1) for each DMU o , is computed as the optimal value to the following linear programming problem:
Similarly, the other mixed period measure, D t+1 o (t), which is needed in the computation of the Malmquist productivity index, is the optimal value to the following linear problem:
Fare et al.'s input-oriented Malmquist productivity index, which measures the productivity change of a particular DMU o , o ∈ J = {1, ..., n}, in time t + 1 and t is given as 
Malmquist productivity index with interval data
In this section, we define the Malmquist productivity index for DMUs with interval data. Hence, suppose that the true input and output lie within bounded intervals, as follows
with upper and lower bounds of the intervals given are as constants and assumed to be strictly positive.
When the level of inputs and outputs for DMU o are not know exactly, we expect the value of Malmquist productivity index for DMU o and its components in (8) is not know exactly. Since the true input and output data know to lie within intervals, in this cases, the Malmquist productivity index (and its component) lie within interval, which is called interval of productivity index.
Interval productivity evaluation requires two single period and two mixed period measures. The two single period measures,D 
.which the lower and upper bounds are obtain from the optimistic and pessimistic viewpoint, as follows
and
and using t + 1 instead of t for the above models, we get D 
and using t + 1 instead of t and vice versa, for the above models, we get D then the true value of the Malmquist productivity index components will be
Proof. As mentioned in section (2.2), we have
Now, we show that 
Suppose that (λ 1 , ..., λ n , θ) be a solution for (7) 
Considering the above mentioned theorem and (8), we can deduce that;
in which M o is Malmquist productivity index with true value of of input and output data for specific DMU o . Therefore, the lower and upper bounded productivity for DMU o denote as:
we have 
4
Malmquist productivity index with fuzzy data
Preliminary definitions [12]
A classical (crisp) set is normally defined as a collection of elements or objects x ∈ X. Each single element can either belong to or not belong to a set A, A ⊆ X. but for a fuzzy set, a element of X can be belong to the set A, by a degree of membership. Definition 1. If X is a collection of objects denoted generically by x, then a fuzzy setÃ in X is a set of ordered pairs:
is called the membership function or grade of membership (also degree of compatibility or degree of truth) of x inÃ. The range of the membership function is a subset of the nonnegative real numbers whose supremum is finite. If sup x μÃ(x) = 1, the fuzzy setÃ is called normal. A nonempty fuzzy setÃ can always be normalized by dividing μÃ(x) by sup x μÃ(x) = 1. As a matter of convenience, we will generally assume that fuzzy sets are normalized and elements with a zero degree of membership are normally not listed.
A more general and even more useful notion is that of an α − level set. Definition 2. The (crisp) set of elements that belong to the fuzzy setÃ at least to the degree α (α > 0) is called the α − level set:
IfÃ is a fuzzy set and 0 < α 1 < α 2 , then A α 2 ⊆ A α 1 . Convexity also plays a role in fuzzy set theory. Definition 3. A fuzzy setÃ is convex if
Alternatively, a fuzzy set is convex if all α − level sets are convex. 
LR is called a triangular fuzzy number. (see Fig. 1 .) 
Malmquist productivity index
In this section, we are in purpose to evaluate Malmquist productivity index for DMUs with fuzzy data. Therefore, assume that fuzzy numbers,x ij andỹ rj are the i − th input and the r − th output for DMU j , with continuous membership function. 
that is, DMU j (j=1,...,n) consumes a value x ij of the i − th (i=1,...,m) input with at least degree membership α, to product a value y rj of the r−th (r=1,...,s) output with at least degree membership α. Therefore to evaluation Malmquist productivity index for DMUs with fuzzy data, we can use some way from the method applied for DMUs with interval data.
Let below definition represent Malmquist productivity index for any α-level set of DMU's data. 
Proof . From theorem 2, we have
Therefore, from theorem 1, we can result that
From above theorem, we deduce that if a DMU has a progress in its performance with α 2 − level and α 1 > α 2 , then it has also progress with α 1 − level. For example, if α indicates amount of trust of decision maker to select inputs and outputs levels for DMUs then we can see that above result is agree with each other. Similarly if a DMU has a regress in its performance with α 2 −level, then it has also regress with
The following, we present a numerical example to illustrate the result.
Malmquist productivity index of commercial bank branches
In the current section, we employ the Malmquist index for evaluating 24 bank branches for two period times by using the methodology developed above. This section describes the data and results. Table 1 and 2 show inputs and outputs of these banks with symmetric triangular fuzzy data (m, β, β), denoted by (m, β), at time periods t and t + 1, respectively. Each bank contains three inputs and five outputs. For determining Malmquist productivity index, we use (13-14) and definition 7, then we measure the productivity change between period t and t + 1. Table 3 reports the results obtained from α − levels for α = 0.1, 0.2, ..., 1 and α = 0 that means interval data [m − β, m + β] and relative to Malmquist productivity index obtain by (13-14). As shown in Table 3 
Conclusion
The purpose of this study was to develop the Malmquist productivity index to DMUs with interval and fuzzy data that since the level of inputs and outputs for DMU o are not know exactly, we expect the value of Malmquist productivity index for DMU o and its components is not know exactly, when the true input and output data know to lie within bonded intervals, then, in this cases, the Malmquist productivity index (and its component) can know to lie within an interval and when input and output data is fuzzy , then, in this cases, the Malmquist productivity index (and its component) can not know exactly that in this paper, we try by using of concept α − level to approach level of Malmquist productivity index and applied to a numerical example.
